
Homework 3 Solutions
PSE 4.11
To calculate the correlation, we’ll calculate all of the components of

Corr(𝑋𝑌 , 𝑌 ) = Cov(𝑋𝑌 , 𝑌 )
√Var(𝑋𝑌 )Var(𝑌 )

Notice that

cov(𝑋𝑌 , 𝑌 ) = 𝔼[𝑋𝑌 2] − 𝔼[𝑋𝑌 ]𝔼[𝑌 ]
= 𝔼[𝑋]𝔼[𝑌 2] − 𝔼[𝑋]𝔼[𝑌 ]2

= 𝔼[𝑋](𝔼[𝑌 2] − 𝔼[𝑌 ]2)
= 𝜇𝑋𝜎2

𝑌

where the second equality uses independence. Next,

var(𝑋𝑌 ) = 𝔼[𝑋2𝑌 2] − 𝔼[𝑋𝑌 ]2

= 𝔼[𝑋2]𝔼[𝑌 2] − 𝔼[𝑋]2𝔼[𝑌 ]2

= (𝔼[𝑋2] − 𝔼[𝑋]2)𝔼[𝑌 2] + 𝔼[𝑋]2(𝔼[𝑌 2] − 𝔼[𝑌 ]2)
= 𝜎2

𝑋𝔼[𝑌 2] + 𝜇2
𝑋𝜎2

𝑌

= 𝜎2
𝑋(𝔼[𝑌 2] − 𝔼[𝑌 ]2) + 𝜎2

𝑋𝔼[𝑌 ]2 + 𝜇2
𝑋𝜎2

𝑌

= 𝜎2
𝑋𝜎2

𝑌 + 𝜇2
𝑌𝜎2

𝑋 + 𝜇2
𝑋𝜎2

𝑌

where the second equality holds by independence, the third equality by adding and subtracting
𝔼[𝑋]2𝔼[𝑌 2], the fourth equality by the definitions of 𝜎2

𝑋, 𝜎2
𝑌, and 𝜇𝑋, the fifth equality by adding

and subracting 𝜎2
𝑋𝔼[𝑌 ]2, and the last equality by the definitions of 𝜎2

𝑌 and 𝜇𝑌. Finally,

Var(𝑌 ) = 𝜎2
𝑌

Putting these expressions into the original expression for Corr(𝑋𝑌 , 𝑌 ), we have that

Corr(𝑋, 𝑌 ) = 𝜇𝑋𝜎2
𝑌

√𝜎2
𝑌 √𝜎2

𝑋𝜎2
𝑌 + 𝜎2

𝑋𝜇2
𝑌 + 𝜎2

𝑌𝜇2
𝑋

= 𝜇𝑋𝜎𝑌

√𝜎2
𝑋𝜎2

𝑌 + 𝜎2
𝑋𝜇2

𝑌 + 𝜎2
𝑌𝜇2

𝑋

PSE 4.15
a) To find 𝔼[𝑌 ], we can use the law of iterated expectations

𝔼[𝑌 ] = 𝔼[𝔼[𝑌 ∣ 𝑋]] = 𝔼[𝑋] = 1
2

where the first equality holds by the law of iterated expectations, the second equality because
𝔼[𝑌 ∣ 𝑋 = 𝑥] = 𝑥 and the last equality because 𝑋 is 𝑈[0, 1].
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b) To find Var(𝑌 ), we can use the law of total variance

Var(𝑌 ) = 𝔼[Var(𝑌 ∣ 𝑋)] + Var(𝔼[𝑌 ∣ 𝑋])

We can consider each of these in turn. Since Var(𝑌 |𝑋 = 𝑥) = 𝑥2, the first term 𝔼[Var(𝑌 ∣
𝑋)] = 𝔼[𝑋2] = Var(𝑋) + 𝔼[𝑋]2 = 1/12 + (1/2)2 = 4/12 = 1/3.

For the second term, Var(𝔼[𝑌 ∣ 𝑋]) = Var(𝑋) = 1/12.
Adding these together, we have that Var(𝑌 ) = 1/3 + 1/12 = 5/12.

PSE 5.2
The pdf of a standard normal random variable is given by

𝜙(𝑥) = 1√
2𝜋

exp (−𝑥2

2
)

Thus,

𝜙′(𝑥) = 1√
2𝜋

exp (−𝑥2

2
) (−𝑥) = −𝑥𝜙(𝑥)

where the first equality holds by the chain rule, and the second equality uses the definition of 𝜙(𝑥).

PSE 5.5

𝑀𝑍(𝑡) = 𝔼[exp(𝑡𝑍)]

= ∫
∞

−∞
exp(𝑡𝑧) 1√

2𝜋
exp (−𝑧2

2
) 𝑑𝑧

= ∫
∞

−∞

1√
2𝜋

exp (−𝑧2 − 2𝑡𝑧 + 𝑡2 − 𝑡2

2
) 𝑑𝑧

= exp (𝑡2

2
) ∫

∞

−∞

1√
2𝜋

exp (−(𝑧 − 𝑡)2

2
) 𝑑𝑧

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
=1

= exp (𝑡2

2
)

where the first equality holds by the definition of moment generating function, the second equality
writes the expectation as an integral and uses the pdf of 𝑍 ∼ 𝒩(0, 1), the third equality combines
the two exponential terms and then adds and subtracs 𝑡2/2 inside the exponential, the fourth
equality moves the part of the exponential that does not depend on 𝑧 out of the integral and then
uses that 𝑧2 − 2𝑡𝑧 + 𝑡2 = (𝑧 − 𝑡)2, and the last equality holds by noticing that the underlined term
equals one because it integrates over a pdf (in particular, the pdf of a 𝒩(𝑡, 1) random variable).
The expression in the last line is the answer to the problem.

PSE 6.2
Consider the following estimator of 𝜇′

𝑘 = 𝔼[𝑋𝑘]:

2



̂𝜇′
𝑘 = 1

𝑛

𝑛
∑
𝑖=1

𝑋𝑘
𝑖

Notice that

𝔼[ ̂𝜇′
𝑘] = 𝔼 [ 1

𝑛

𝑛
∑
𝑖=1

𝑋𝑘
𝑖 ]

= 1
𝑛

𝑛
∑
𝑖=1

𝔼[𝑋𝑘
𝑖 ]

= 1
𝑛

𝑛
∑
𝑖=1

𝔼[𝑋𝑘]

= 1
𝑛

𝑛
∑
𝑖=1

𝜇′
𝑘

= 𝜇′
𝑘

where the first equality holds by the definition of ̂𝜇′
𝑘, the second equality holds because constants

can come out of expectations and because expecations can pass through sums, the third equality
holds because the 𝑋𝑖 are identically distributed, the fourth equality holds by the definition of 𝜇′

𝑘,
and the last equality holds because 𝜇′

𝑘 is constant. This shows that ̂𝜇′
𝑘 is unbiased for 𝜇′

𝑘.

PSE 6.4

Var( ̂𝜇′
𝑘) = Var ( 1

𝑛

𝑛
∑
𝑖=1

𝑋𝑘
𝑖 )

= 1
𝑛2

𝑛
∑
𝑖=1

Var(𝑋𝑘
𝑖 )

= 1
𝑛2

𝑛
∑
𝑖=1

Var(𝑋𝑘)

= Var(𝑋𝑘)
𝑛

where the first equality holds by the definition of ̂𝜇′
𝑘, the second equality holds because the 𝑋𝑖 are

independent (hence no covariance terms), the third equality holds because the 𝑋𝑖 are identically
distributed, and the last equality simplifies the previous expression.

PSE 6.9
a) ̂𝜃 = exp(𝑋̄)

b) ̂𝜃 = log ( 1
𝑛

𝑛
∑
𝑖=1

exp(𝑋𝑖))

c) ̂𝜃 = √ 1
𝑛

𝑛
∑
𝑖=1

𝑋4
𝑖
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d) It’s helpful to re-write var(𝑋2) = 𝔼 [(𝑋2)2] − 𝔼[𝑋2]2 which suggests the following estimator

v̂ar(𝑋2) = 1
𝑛

𝑛
∑
𝑖=1

𝑋4
𝑖 − ( 1

𝑛

𝑛
∑
𝑖=1

𝑋2
𝑖 )

2
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